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0. Preface

This paper constitutes a revised version of the Australian Mathematical Soci-
ety reprint [Sa]. The revision concerns the proof of Theorem 1.2 for the general
unipotent case. Since the writing of [Sa], a number of related publications have
occurred. E. Hironaka [Hi2, Hi3] has used the results below to prove polynomial
periodicity for Hirzebruch and more general surfaces. The recent paper of Rup-
pert [Ru] is closely related to Proposition 1.6 below and gives moreover bounds
for torsion points.

1. Introduction

It is well known that the genus of the Fermat curve F(N); zV +yV = 1, is
(N — 1) (N — 2)/2. This is easily seen by realizing F(N) as a Z/NZ x Z/NZ
branched covering of P! and applying Hurwitz’s formula. In this paper we give a
general result about families of manifolds which ensures that their Betti numbers
are polynomial periodic.

Let K be a finite simplicial complex and let I' = 71 (K) be its fundamental
group. As usual let K denote the universal covering of K. For I'" < T' of finite
index we get a I'/T” Galois covering K’ = K /T of K. We are interested in the
g-dimensional Betti numbers 37(K’') as I varies over “congruence groups”. To
define these congruence groups we assume that we have a homomorphism

(1.1) ©: T 28 H(Z),

where H is a matrix algebraic group defined over Q and H(Z) denotes the Z-
points of H. Moreover, we assume that H has strong approximation [K]. For
each integer N > 1, let

(1.2) Ry: H(Z) — H(Z/NZ)
denote reduction mod N. The congruence groups I'(N) are then defined by
(1.3) I'(N) =ker (Ry o).

Let Hy := Ry(H(Z)). Clearly T/T(N) ~ Hy and K(N) := K/T(N) is an Hy
Galois covering of K (1).

The two most interesting examples of congruence groups are the cases
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(C.i) The map ¢ in (1.1) is an isomorphism in which case T'(N) is the familiar
principal congruence subgroup of H(Z) of level N.

(C.ii) The group H is Abelian and hence the homomorphism ¢ factors through
Hy(K,Z) ~ T/[[,T]. The most interesting case is that of H(Z) = Z", r being
B1(K). Some concrete examples of (ii) are the following:

(A) FERMAT CURVES. The Fermat curves F(N) may be uniformized as
®(N)\H, where

”2):{(: Z)ESL(2,Z)‘(Z 2)5(; ?) (mod2)},

O(N) = ker(Ryoy),

o
~
—
~—~—
I

where ¢: I'(2) — Z? is the projection on homology. Ry: Z%? — (Z/NZ)? is as
above, reduction mod N and H is the upper half plane. For more details see
Lang [L1]. Actually to be more precise F(N) is the compactification (branched)
of ®(N)\H. Note that while ®(N) is a congruence group in our sense it is not
so according to the usual definition [S].

(B) Links IN S3. Let L C S3 be a y~component link; that is disjoint union of
p circles. Let T' = 71($3\ L). It is well known and easily seen that H(S%\ L) ~
Z*. Let ¢: I' — Z* be the Abelianizer and Ry as above. We get in this way for
each N a uniquely defined (Z/NZ)* covering M(N) of S3\ L. When L is a knot
(i.e., ¢ = 1) these are the well studied cyclic covers [F-1].

(C) HIRZEBRUCH SURFACES [Hh]. Let ¢,...,£. be an arrangement of lines
in P?(R) C P?(C). The Hirzebruch surface E(N) for N > 1 is the (Z/NZ)"~!
branched cover of P2(C) branched over £y, .. ., 4., see [Ha)] for a discussion. Hirze-
bruch computed the characteristic numbers of E(N). Their Betti numbers for
certain ¢1,...,%, and N were computed by Ishida [I] and Hironaka [Ha].

Before turning to our results we consider a related problem. Let G be a
semisimple real, complex, or p—adic group. Let I' < G be a cocompact lat-
tice. The right regular representation of G on L?(I'\G) decomposes into @, V;
where V; are irreducible unitary representations of G. We denote by G the set
of equivalence classes of such representations. One of the fundamental problems
in automorphic form theory is to determine m(x,T'), the multiplicity with which
some 7 € G appears in the above decomposition. It is known [B-W] that for

certain 7’s this multiplicity corresponds to cohomology of I'. We call such =’s
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cohomological. Now let I'(N) < T be a congruence family in the sense defined
above. Our aim is to study m(mx,['(N)) as a function of N.
Note that the group Hy x G acts unitarily on L2(TI'(N)\ G) by

(1.4) (h,9) f(z) = f(h 7'z g).

Decomposing this into irreducibles we get multiplicities m(p ® =, T(IN)) with
p € Hy. For v > 1 and integer, we define the v—dimensional part of m(r, T(N))
to be

‘m(n,T(N))= 3 m(p,[(N)).

dim p=v
pEHN

We can recover m(w,I'(N)) by

m(m,T(N)) = _ “m (x,T(N))

v=1
(the sum of course is finite).
Returning to the simplicial complex setting, we have Hy acting as Galois
group of K(N)\K(1) and hence Hy acts on the cohomology groups HI(K(N)).
Decomposing this action into irreducible gives

HI(K(N)) = @ W;.

We define the v—dimensional part of the gth Betti number “39(K (N)) to be

(1.5) ”Bq(K(N))zdim( > Wi) .

dim W;=v
We observe that if H is Abelian then 189(K(N)) = 89(K(N)) and 'm (7, T(N)) =
m(w,T') since all irreducibles of H are 1-dimensional.
Definition 1.1: A sequence a(n), n > 1, is polynomial periodic if there are
periodic bj(n), j = 1,...,q such that a(n) = 3°I_, bj(n) n’. |

We can now state the periodicity theorem

THEOREM 1.2: Assume that H is either unipotent or semisimple then
(i) T = m(K) is as above and I'(N), N > 1, a congruence family, then
Y84(K(N)) is polynomial periodic in N.
(ii) If G is Archimedian and 7 is cohomological or if G is p-adic and 7 is
arbitrary, then Ym (w,T'(N)) is polynomial periodic in N.
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Remark 1.3: Since the general H is roughly a semidirect product of a unipotent
part with a semisimple part (recall that H has strong approximation) we expect
that the Theorem is valid for the general H. In [Ad, Theorems 6.7 and 6.8], this
question is mostly settled in the affirmative; however, some additional hypotheses
are needed.

COROLLARY 1.4: Let L be a p—component link in S* and set M(N) to be the
(Z/NZ)* cover of S® branched along L; then 3*(M(N)) is polynomial periodic.

This Corollary in the case of knots is known and due to Goeritz [G] and Zariski
[Z] and to Sumners [Su] in higher dimensions. In fact, for knots one can show
that the sequence is periodic (i.e., ¢ = 0 in Definition 1.1). In general this is not
so as the following example shows: The link L in Figure 1.5 has two components.
We can write down 8'(M*(N)) compactly for all N by use of the generating
function Y n_; B (M*(N))/N?®. In Section 4 we show

(1.6) f: EI(LA:(N—)) —2(1427°4+67°)C(s)+2-67°C(s — 1),
N=1

where ((s) = Y N, N~°. Here M*(N) in the unbranched (Z/N Z)? covering of
3\ L.

Figure 1.5.

COROLLARY 1.5: Let E*(N) be the unbranched Hirzebruch surfaces over a fixed
configuration of lines; then the Betti numbers 3*(E*(N)) are polynomial periodic
in N.

In [Ha), E. Hironaka developed a method for computing the difference between
the Betti- numbers of the branched and unbranched surface. Using this result,
she has proved periodicity in the branched covers E(N) (see [Ha2]), as well as
more general such surfaces [Ha3]. For cyclic coverings of P2, such results follow
from Libgober [Lr2].

Our Theorem does not apply to m(w,['(N)) when G is Archimedean and 7 is
not cohomological. In these cases we only get asymptotic results. An analysis of
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m(m,®(N)) for ®(N) the Fermat groups and 7 € PSf(ZR), with 7 principal or
complementary series will be given elsewhere ([P-S]). Suffice it to say here that
it still appears to be the case that m(w, ®(N)) is periodic in N, though a proof
of this seems out of reach at present.

There are a number of ingredients that go into the proof of Theorem 1.2.
In Section 2 we discuss the variety of representations of I' into GL(v, C) and
the important algebraic subsets connected with the cohomology problem. In
Section 3 the problem of counting torsion points on algebraic subsets is studied.
Specifically let T be an r—dimensional real torus and let W C T be an algebraic
subset (i.e., the zero set of a trigonometric polynomial or intersection of such
sets). Denote by tor (T') the set of torsion points (i.e., elements of finite order in
T). The following was conjectured by Lang [L2]:

PROPOSITION 1.6: There are a finite number of rational planes my,...,7
(a rational plane is a closed connected subgroup of T or a translate thereof by a
torsion point) contained in W such that

4
tor (T)NW = tor (T) ﬂ U T
j=1

In Section 3 an elementary and algorithmic proof of this Proposition is given.
Given W it produces the planes my,..., 7, which is crucial for the purposes of
computing the periodicities and polynomials. Another proof of this conjecture
is contained in the work of Laurant [Lt]. The importance of Proposition 1.6 lies
in the fact that as far as torsion goes we may linearize W, that is replace it by
planes. It is this that is responsible for the polynomial periodicity. In Section
4 we complete the proof of the Theorem and its Corollary. Sections 5-11 are
devoted to the proof of a technical fact (Theorem 11.3) which is crucial to the
proof of Theorem 1.2, when H is unipotent.

ACKNOWLEDGEMENT: The first author would like to thank A. Adem, P. Cohen,
D. Fried, A. Lubotzky and J.-P. Serre for illuminating discussions on various
aspects of this paper.

2. Representation varieties and cohomology

Let K be a finite simplicial complex K and ' = m;(K) as in Section 1. If R is
a finite-dimensional unitary representation of I' in GL(V), then the R-twisted
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cochain complex C(K, R) is defined by
(2.1)
CY(K,R) = {F: Cy(K) = V, F is linear and F(yo) = R(y) F(o) for v € T}.

We have a coboundary operator

§%: CY(K,R) — C**Y(K,R)
given by
(2.2) (69F) (o) = F(00).

The cohomology groups H* (K, R) are defined in the usual way (here and else-
where C| (K) is to be taken with complex coefficients). Our first problem is to
determine the behavior of 87(K, R) = dim H%(K, R) as a function of R. While
the variety of all (up to equivalence) representations of I' in GL(», C) can be
quite complicated, the set of those which have finite image (which are all that we
need consider) is much more tractable. In fact as is shown in Lubotzky-Magid
[L-M], it follows from a theorem of Jordan, see [C-R], that all such R’s which are
irrducible and of dimension v factor through a fixed quotient A of I". Moreover
A is Abelian by finite. Rudnick [R] gives a description of the variety V (A, v) of
all irreducible representations (up to equivalence) of such a A. In what follows
we will denote by T'(B) the torus of 1-dimensional unitary characters of a group
B. Rudnick shows that there are finite index subgroups Hi, ..., Hy of A such
that

L
(2.3) viav el ( U Indﬁj(x)) .

J=1 \x€T(H,)

We are thus led to examine the functions
(2.4) Fi(x) = B9(K,Indg (x)), x € T(H;)-

To do so we will use Hodge theory in the form of the finite combinatorial Lapla-
cian. For our purposes this has the advantage of dealing with the automorphic
form problem in the same way. o

As in Ray-Singer [R~S] choose a preferred basis Fj!; = of ® e; of CYK,R) as
follows: Let ey,...,e, be an orthonormal basis of V and let o, ..., o be the
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set of g-simplices of K (which we think of as embedded in K). Fori=1,..., Vg,
i=1....,m
—~— 0 ifi #4,
2.5 I®ej(v0d) =

Then ¢ has a matrix representation relative to the bases ', and Fi(,';.ﬂ). Using
these bases we may define 6* and also the combinatorial Laplacian A'(’c): Cc1 (f{ ,R)
— CY(K,R) by

2.6 A = (8WFDy* 59 4 §9-1(59)*,
(c)
As with the usual Hodge theory

(2.7) dimker A7, = 8%(K,R).

Returning to our R’s of the form (2.4), let ¥: T — A be the projection and
denote by R(x) the representation of I' given by

(2.8) R(x)=Indz(x) o ¢.
Let H 6y,H 63,...,H 5, be coset representatives of H in A. An orthonormal
basis of V = V(Ind §(x)) can be chosen in the form ey, ...,e, when

0 otherwise.

———

PROPOSITION 2.1: The matrix of A'(Ic)(R(x)) relative to the basis o ® e; of
C(K, R(x)) has entries which are trigonometric polynomials in x.

The proof is a straightforward verification. We note for later that Proposition
2.1 holds equally well with R(x) replaced by
(2.10) R()=Ro®X,

where R is a v—dimensional representation of I'. For A € C and x € T(H) let
p(A, x) denote the characteristic polynomial

(211) P, X) = det(h - AZ (R(X).

Define the algebraic subsets of T(H), Vo D V1 D V,--- by
k=1p,

(212)  WVi={x[p(0,x)=0}, V= {X N1

(0,%) = o} A Vi_1.
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In view of Proposition 2.1 the Vi’s are indeed algebraic. Note that

(2.13) Vi = {x| 84K, R(x)) > k}.
Hence
(214 FERK) =) c06W),  wheree(x,V) = {(1) opld

k>1

The last sum is finite since Vi, = § for large k.

Now recall that only the R(X)’s which are of finite image play a role in
our analysis. For these clearly ¥ € T(H) must be a torsion point, that is
we are interested in B9(K, R(x)) for x-€ tor (T(H)). Applying the lineariza-

tion Proposition 1.6 we conclude that for each V}, there are planes 7r§k), cee wgf)

and integers mgk), ces mg’:) (which come from inclusion—exclusion) such that for

x € tor (T'(H))

£y
(2.15) (6 Vi) = D mP e(x, 7).

p=1
Combining this with (2.14) we obtain our basic formula for Fi(x) in (2.4) (we
drop the index k).

PROPOSITION 2.2: There are planes =y,...,n and integers my,...,my such
that for x € tor (T'(H))

L
BUK,R(X) = D mue(x;m).-
p=1
Thus far we have examined only the cohomological case, I' = m;(K). To
deal with part (ii) of Theorem 1.2 when I' is a lattice in a p-adic group G, one
proceeds along similar lines. Let m(w, T, R(x)) have the obvious meaning, where
x € T(H) as above. Now say G is rank 1 (actually it is only for rank 1 that
the variety of representation of I' into GL(v, C) is not zero dimensional); then by
the duality theorem [G-G-P], m(x, T, R(x)) may be realized as the dimension of
a certain eigenvalue of a vector valued Laplacian over the finite graph I'\G /U,
U being a maximal compact subgroup of G. Hence the setup is identical to what
we have and the only change needed is that in (2.6) we are interested in the

general eigenvalue of A rather than just A = 0. Of course there was nothing
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special about A = 0 in what followed. One proceeds to derive an expression for
m(m, T, R(x)) where x € tor (T'(H)), just like the one in Proposition 2.2.

We remark that in the Archimedean case I'\G/U is a compact manifold but
unfortunately det(A(R(x))) is no longer a trigonometric polynomial in . One
can show that it is real analytic in x but we will not pursue this here.

3. Torsion points on varieties and linearization

We turn to the proof of Proposition 1.6. The approach below is simpler than our
original and was suggested by Paul Cohen.

LEMMA 3.1: Let ay,...,ag be nonzero complex numbers; then there is a number
M = M(ay,...,ag) such that any solution in roots of unity €1, ...,eg of
R
(3.1) Z a;e; =0
=1
satisfies
(3.1 (ejext) =1

for some j # k and some1 <v < M.

Proof: 'We begin by assuming that ai,...,ag € Q, in which case we show M
may be chosen to be (R+1)R+1. Let ¢;,...,er be a solution of (3.1) and assume
the conclusion of (3.1)' fails. Let n be the Lc.m. of the orders of e1,...,e5. If

the factorization of n is pi'p5* ... pf* then we may write

LD (*)

(3.2) €5 = (Cp;1) i (Cpgz)y(n RN (Cp:k )VJ' s

where (n = e(1/m) = exp(2ni/m). Now if some p;, say p1, is larger than R+ 1,

then we proceed as follows:

There is some ¢; for which (1/(-1)

+7yp1) = 1. We may write (3.1) as

R
Aj v
(3:3) D (e5m ¢4 )Gl =0,
Jj=1
where 7; :,"1_1 (;Z, =¢€,0 < v; <p1—1, n is appd...p5* root of 1
1 1

and (v1,p1) = 1. Thus (3.3) gives an equation for Cper over the field K =
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Q(Cpil_l,(p;z, . ..,Cp;k) of degree at most p; — 1. The extension K(CP;I) over
K has degree p; or p; — 1 and, since R < p; — 1, (3.3) is impossible (since then
(3.3) is not the cyclotomic equation) unless the equation trivializes. In this case
one can proceed inductively since the power e; has been reduced and the side
conditions of the Lemma persist.

We may therefore assume that p; < R + 1 for each j. We write (3.1) as

R ) () m)
m m
3.4 aje| — + —2-+...+ f =0,
o > (BB 4 2
where now _ .
m(lj) m;g])
gj=e e T+t —= ]
Dy Dy
For r = (r1,7g,...,7%) with p; fr; we obtain from (3.2) and the Galois action of
Q(¢:)/Q
R (3) (5
rim TEM
Saje| 4.+ 2] =0.
et Dy

W

Multiplying this equation by e (ML + ...+ M“—) and summing over 7;
mod p;, p; frj, we get

(3.5)

) (1) (5) (1)
ry{(m7y’ —m e (my’ —m
0=o0;¢(n izaj Z e 1(1—f311_.2+.‘.+__w ,
. ; Dy Di
r; mod pj]

where f; = e; ore; — 1. Let ml) = [m(lj)pgez)---pi“] +-- 4 [pf‘ P llmfc])]
so that £; = e(m{) /n). If for a fixed j in the above type of sum mY) —m" are

all divisible by pf*, then m() = m{") mod ( and hence

P1p2

(515;1)P1P2---Pk =1.

This is contrary to our assumption since pips...pr < (R + 1)f+!. Hence for
each j at least one of m(] ) ,(, ) is not divisible by plv. It follows that all the
series in (3.5) vanish and hence a; = 0. This completes the proof for the case of
most interest to us viz. a; € Q. In general one argues in a similar case with Q
replaced by the finitely generated field K = Q(ay,...,a,) and the Galois group

of Q (¢,) replaced by that of K({,) over K. We leave the details to the reader.
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We proceed now with the proof of Proposition 1.6. The proof is by induction
on the dimension of the torus T. We are allowing here a torus to be of the
form T = (R/Z)* x A, where A is a finite Abelian group. In such a case T is of
dimension k and the algebraic sets are algebraic sets at each connected component
of T. When dim T = 1 the result is clear since in this case a connected component
of T is either all of the set W, or W meets the component in a finite set. In the

general case, if dimT = r and W is given by equations

pi(t)=p2(t) = ... =pm(t) =0

on a connected component of T, then either these equations are all redundant
and W contains this connected component which is then one of the 7’s, or say

p1(t) is not trivially true. Say

(3.6) pi(t) = Z ax A(t),

AEF

where F is a finite subset of the dual group T*. The sets
(3.7) My, = {t] Ae™h)"(8) = 1}

for A\ # p, A, p € F,and 1 <v < M(ay), where M is the constant from Lemma
3.1, are all finite unions of rational planes of dimension » — 1. Hence since the
restriction of an algebraic set to a plane is algebraic, we conclude by induction
that the torsion points of TN'W contained in the union of the finite set of Il ,, ,,’s
are all on a finite number of rational planes in W. On the other hand Lemma
3.1 asserts that there are no torsion points of T'N W outside of this union. This
completes the proof of Proposition 1.6.

We note that the above proof is effective and produces the planes inductively.

An example of this procedure is carried out in the next Section.

4. Proof of the Theorem

We now complete the proof of Theorem 1.2 part (i). Part (ii) is proved similarly.
Fix a positive integer ¢ and, as in the introduction, let Ry: H(Z) - H(Z/NZ)
denote reduction mod N. From our setup Hy := Ry(H(Z)) is the Galois group
of the covering K /T'(N) over K/T'(1). Hence we may decompose C9(K /T(N))
into invariant subspaces according to the irreducible representations of Hy. Since
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the action of Hy on fibers of the covering is simple and transitive, it follows from
the decomposition of the regular representation that

(4.1) BUK/T(N)) = Y d(R)BYK,R),

Refy

where d(R) = dim R. Hence

(4.2) BUK/T(N)=v Y BUK,R).

REHN
dim R=v

These R’s are irreducible v—dimensional and of course finite representations of
I'—this explains the assumption made in Section 2. To use the formula for
B4(K, R(x)) developed in Proposition 2.2 we need to know which x’s come up in
(4.2).

Assume H is unipotent, then H(Z) is a finitely generated nilpotent (discrete)
group. In this case, the representation variety V(A v) in (2.3) takes an even
simpler form (see Lubotzky-Magid [L-M])

L
(4.3) van=1J U B&Rex,
i=1 x€T(H(Z))

where R; is an irreducible (finite) representation of H(Z) of dimension . More-
over, the representations in different classes R; ® T(H(Z)) and R, @ T(H(Z)) for
k # j are inequivalent. It is possible that R; ® x’ ~ R; ® x for some x # x’ and
in this case {x: R; ® x ~ R;} is a finite subgroup of T(H(Z)). For simplicity
we assume this group is {1}—the modifications needed to deal with the general
case dividing by this finite group are straightforward.

Let B(N,j) denote the set of all characters x € T(H(Z)) such that R; ® x
factors to Hy, i.e., such that the kernel of R; ® x contains H(N). By equation
(4.2) and the above description of the representation theory of H(Z), we have

“pU(K T(N —vZ Y. BUE.R;®X)

J=1 x€B(N,j)

For all j, choose rational planes 7y,...,m;; and integers my,...,my; as in Propo-
sition 2.2. Then

L
VIBq(K/F ZZ mu|B(N, 3} N7y,
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where |S| denotes the cardinality of a set S.

It therefore suffices to show, for all j and g, that |B(N, j) N 7,| is polynomial
periodic in N. In the case that H(Z) = Z" as in (C.ii) of the introduction, this
polynomial periodicity is easily seen. For the general case, we proceed as follows.
Fix j and p; for all integers N > 0, define Sy := B(N, j) N w,. We wish to show
that |Sn| is polynomial periodic in N.

Let N be the collection of integers N > 0 such that, for some x € T(H(Z)),
we have ker(R; ® x) 2 H(N). Let Ny := min . By [Ad, Lemma 5.6] (which
depends only on strong approximation for H at the infinite place, and not on
any of the results in this paper), we find, for all integers N > 0, that: Ny | N iff
N € N. In particular, for all integers N > 0 such that Ny J N, we have Sy = 0,
so |Sn| = 0. Therefore, it suffices to show that |Sn, n| is polynomial periodic in
N.

Choose x1 € T(H(Z)) such that ker(R; ® x1) 2 H(Ny). Then, for all integers
N > 0, we have Sn,n = x1{x € x7'7,.| ker(x) 2 H(N,N)}. Fix any xo €
X7 7, and define 7 := x5 x7'7,. For all integers N > 0, define S}y := {x €
7 | ker(xox) 2 H(N)}. Then, for all integers N > 0, we have Sy, N = XoX1SN, N
s0 |Sn, n| = |Sn, n|- By Theorem 10.1, we see that |Sy| is polynomial periodic
in N, so |Siy, y| is as well, concluding the proof.

This completes the proof if H is unipotent. If H is semisimple then the above
analysis gives the result (but without any of the analysis of torsion points in tori)
because of the following result, a proof of which is given by Z. Rudnick in the
Appendix. (Also see {Ad, Theorem 5.12].)

PROPOSITION 4.1: Let H be a semisimple group over Q. Let Z, denote the
p-adic integers. There are only finitely many irreducible representations of the
compact group H(Z,) in any given dimension.

With this one finds that there are only a finite number of R’s (independent of
N but depending on v) that come into play in (4.2). As a result the Theorem is
easy to establish.

The Corollaries for unbranched covers follow directly from the Theorem since
H in these cases is Abelian and hence we need only take v = 1 to get the complete
picture. For computational purposes say with links in S® we relate the varieties
V1, Va, ... of Section 2 to Alexander ideals [F-2]. In fact let L be a y—component
link; we can think of T(T') = (S!)#, where T’ = 71(S$%\ L), as sitting in (C*)~.
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The following Proposition follows easily from Fox [F-2], see also [M-M] and
Libgober [Lr].

PROPOSITION 4.2: Let Wy D Wy D Wsy--- be the zero sets in (C*)* of the
elementary Alexander ideals Eq, E,, ... of the link L. Then

WeT =V, fork#u
and (W, NT)u {1} =V,.

Here the V}’s are the sets defined in (2.12) for 3! and H(Z) = Z* = H (T, Z).
The point is that the Alexander ideals are easy to compute. Thus for the link L
in Figure 1.5 one finds (see [F-T))

Ei : (ti—-Lta-1)(1-t1+t3)(1 -2t —t2t,(2—t;))
Er : (-t +t3,(1+t)(1+12)
E3 H (1)

Hence using linear torus variables t; = e(6;) and Proposition 4.2 we have

Vi = {(0,0)}U{l—e(6;)+e(26,) =0}
U{1 — 2e(61) — e(261) e(62) (2 — e(61)) = 0},

(oo (42)-(23))

Vs = 0.

Va

Thus V3 and V; are already linear. We apply the method of Section 3 to linearize
V3 and find two 1-dimensional rational planes viz.

7!'13{0] =1/6}, 7T2={01=5/6}

and three zero-dimensional planes

m3={(0,1/2)},  m={(1/2,0)}, 75 ={(0,0)}.

Using this, one obtains (1.6) after a little calculation.

Concerning Corollary 1.4 for branched coverings, one uses instead of the
Alexander polynomial of L the reduced Alexander polynomial as described in
Mayberry and Murasugi [M-M]. Other than that the techniques apply directly
and yield Corollary 1.4. The rest of the paper (Sections 5 to 9) is concerned
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with establishing the polynomial periodicity of the sequence |S% | described in
the proof of Theorem 1.2.

5. A division algorithm for polynomial periodic functions

Let N := {1,2,3,...}. For all s € N, define N, := {1,...,s}. Foralls,t € Z
satisfying s < t, we define Z¢ := {s,...,t}. A function a: N — Z is said to be
positive if a(N) > 0, for all N € N.

Definition 5.1: Let a: N — Z be any function, let m € N and s € Z. We
say that a is a polynomial along mZ + s if there exists a polynomial function
u: R — R such that u and a agree on (mZ+ s) N N. If, in addition, the function
u satisfies u(0) = 0, then we say that a is a 0-vanishing polynomial along
mZ + s.

Definition 5.2: Let a: N — Z. We define MOD{(a) to be the set of all m € N
such that, for all s € N,,,, the function a is a polynomial along mZ + s. We define
MODy(a) to be the set of all m € N such that, for all s € N,,, the function a is
a 0-vanishing polynomial along mZ + s.

Definition 5.3: Let a: N — Z be any function. We say that a is polynomial
periodic, or p.p., if MOD(a) # @. We say that a is 0-vanishing polynomial
periodic, or 0-v.p.p., if MODg(a) # 0. n

If a: N — Z is 0-v.p.p., then MOD(a) = MODy(a).

Definition 5.4: Let a: N — Z be polynomial periodic and not identically zero.
Fix any m € MOD(a) and choose, for each s € N,,, the polynomial function
us: R — R such that @ = u; on (mZ + s) N N. Let S denote the collection of
s € N,, such that u, is not identically zero. For each s € S, let u,: R = R
be defined by u)(t) := us(mt + s). For s € S, let d, := deg(u),) = deg(us)
and let ¢, denote the leading coefficient of u,. We define the degree of a to
be deg(a) := max{ds;|s € S}. Let R:= {s € S|d; = deg(a)}. We define the
full mth set of leading coefficients and the mth set of significant leading

coeflicients to be, respectively,
FLC,.(a) := {cs|s € S}, SLCp(a) := {c. |7 € R}.

We will say that a is nonvanishing on arithmetic sequences if S = N,,.
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LEMMA 5.5: Let a: N — Z be p.p. Then there exists mg € N such that, for all
n € N, we have: mon € MOD(a) and FLCpy,(a) C Z.

Proof: Let d := deg(a). Choose m € MOD(a). Choose, for each s € N,,, the
polynomial function u,: R — R such that ¢ = u, on (mZ + s) " N. For each
s € S, let u): R — R be defined by «)(t) := us(mt + s).

For each i € Zg, let S; denote the set of s € N, such that deg(u,) = ¢ and let
C; denote the set of leading coefficients of the polynomials in {u/ | s € S;}.

Then Cy C Z since a(N) C Z. By [Jac, Proposition 7.26, p. 444], C1U---UCy €
Q. Choose an integer ng such that no(CyU---UCy) C 2.

For all n € N,

FLCpmn(a) = CoUnC; Un2Cy U---UndCy,

so we conclude the proof by setting mg := mnyg. |

Definition 5.6: If S,T C Z, and if 0 ¢ S, then we use the notation S|T to mean:
sit, for all s € S, t € T, i.e., every element of S divides evenly into every element
of T. We make the convention that S|, for all S C Z\{0}.

LEMMA 5.7: Let a,b: N — Z be p.p. and assume that b is not identically zero.
Assume that deg(a) > deg(b). Then there exists m € MOD(a) N MOD(b) such
that

FLC,,(a) UFLC,,(b) CZ and FLC,,,(b)|SLCp(a).
Proof: By Lemma 5.5, choose mg € N such that, for all n € N, we have:
mon € MOD(a) N MOD(b) and  FLC,,,n(a) UFLC,, . (b) C Z.

Let ng := [[ FLCy,, (b), i-e., let ng denote the product of all the elements of the
full moth set of leading coefficients of b.
Let ¢ := deg(a) and d := deg(b), so, by assumption, d < c. Now, for all n € N,

we have
FLCpnyn(B)[nFLC, (B)  and  SLCpgn(a) = n°SLCpm,(a),

so we conclude the proof by defining m := mgno. |
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LEMMA 5.8: Let a,b: N — Z be p.p. and assume that b is nonvanishing on
arithmetic sequences. Let m € MOD(a) N MOD(b) and assume that

FLCr(a)UFLCw(b)CZ  and  FLCpn(b)|SLCrm(a).

Then there exist p.p. functions qo,a0: N — Z such that deg(ao) < deg(a) and
such that a = bgg + ag.

Proof: Fix s € N,,,. Choose polynomial functions u,s,vs: R — R such that
us = a and v, = bon (mZ+ s)NN. Define u,v;: R — R by u(t) := us,(mt +3s)
and v/ (t) := vs(mt + s).

Let R := {s € N,, | deg(us) = deg(a)}. For each s € R, since the leading
coefficient of v/, divides the leading coefficient of u}, we may choose polynomial

functions w,, u%: R — R such that
deg(u0) < deg(u,)  and  u) = viw, +ul

and such that the coefficients of w, and of u? are all integers. For all s € N, \R,
define w, := 0 and u? := u.

Define gg, ag: N — Z by the rule: for all s € N, for all N € N U {0},

go(mN +s)=w,(N) and  ag(mN + ) = ud(N). ]

We can now give an analogue for the division algorithm for polynomial periodic
functions. Notice that the degree of the remainder may equal the degree of the
divisor, so it is not possible to obtain an Euclidean algorithm in this case.

PROPOSITION 5.9: Let a,b: N — Z be p.p. and assume that b is nonvanishing
on arithmetic sequences. Then there exist p.p. functions ¢,r: N — Z such that
deg(r) < deg(b) and such that a = bg + .

Proof: The proof is by induction on deg(a). If deg(a) < deg(b), then we set
g := 0 and r := a; we therefore assume deg(a) > deg(b). Choose m as in Lemma
5.7. Choose go and ag as in Lemma 5.8. By induction, there exist p.p. functions
q1,71: N — Z such that deg(r;) < deg(b) and such that ap = bg; + r1. Let
q:=qo+q and let r :=r;. ]

In the case where both divisor and dividend are 0-v.p.p, we can conclude that
the remainder is as well:



Vol. 88, 1994 BETTI NUMBERS OF CONGRUENCE GROUPS 49

PROPOSITION 5.10: Leta,b: N — Z be 0-v.p.p., let q,7: N — Z be p.p. Assume
that a = bg+ r. Then r is 0-v.p.p.

Proof: By Lemma 5.5, choose m € MOD(a) N MOD(b) " MOD(q) N MOD(r).
For each s € N,,,, choose polynomial functions us, vs,ys, z,: R — R such that,
on (mZ+ s)NN, we have us = a, v, = b, y, = g and 2z, = r.

Fix s € Np»; we wish to show that z;(0) = 0. However, we know that u,(0) =

v5(0) = 0 and that u, = vsys + 2, so the result is immediate. |

6. Further generalities on polynomial periodic functions

We will say that a function N — Z is linear periodic, or l.p. if it is polyno-

mial periodic of degree < 1, or if it is identically zero. A function N — Z is

homogeneous linear periodic or h.L.p. if it is O-v.p.p. and linear periodic.
Ift e N and (zy,...,2:) € Z'\{(0,...,0)} then we define

ged(zy, ..., x¢) ;= max{u € N|zy,...,z; € uZ}.

LEMMA 6.1: Assume a,b: N — Z are h.Lp. Assume further that a(N) # 0, for
all N € N. Then
N+ ged(a(N),b(N): N — Z

is positive and h.l.p.

Proof: By definition of ged, for all N € N, we have ged(a(N),b(N)) > 0.
Let Y C N be an arithmetic sequence on which there exist s,¢,v € Z\{0} and
u € Z such that, for all NV € Y, we have

a(N) =sN/t, b(N) = uN/v.

We wish to show that there exist w € Z and z € Z\{0} such that, forall N € Y,
we have
ged(a(N),b(N)) = wN/z.

Now, for all N € Y, we know that
tvged(a(N), b(N)) = ged(tva(N), tvb(N)) = ged(svN, tuN) = [ged(sv, tu)]N.

So let w := ged(sv, tu) and z := tv. |
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COROLLARY 6.2: Assume that by,...,b;: N — Z are h.l.p. functions and that
bi(N) #0, for all N € N. Then

N ged(bi(N),...,b{(N): N> Z
is positive and h.lLp.
LEMMA 6.3: Suppose that a: N — Z is h.L.p. Then
N — min{u € N|ua(N) e NZ}: N — Z
is periodic.

Proof: Since, for all N € N and all a € Z, we have

a N
ged(N, a) ugcd(N, a) N ged{N, a)

Nlua =

it follows that

N

mln{u€N|ua(N)€NZ}= gcd—(]v’m

By Lemma 6.1, the ged of a positive h.l.p. function and an h.Lp. function is
positive h.l.p.; it follows the the denominator above is positive h.l.p. Finally,
we note that the quotient of an h.L.p. function by a positive h.Lp. function is
periodic. 1

The next lemma has a proof very similar to the last; we omit it.

LEMMA 6.4: If a: N — Z is periodic, then
N — min{u € N|ua(N)€ NZ}: N - Z
is h.lp.

LEMMA 6.5: Suppose that a,bq,...,b;: N — Z are all h.l.p. and that b, is
positive. For all N € N, let

a'(N) := min{N € N|ua(N) € b;(N)Z + --- + b,(N)Z}.

Then a' : N — Z is periodic and there exist periodic functions b}, ...,b;: N — Z
such that, for all N € N, we have

a(N)d'(N) = bi(N)BY(N) + -+ + be(N)B(N).
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Proof: For all N € N, define
g(N) = ged(b1(N), ..., b:(N)),  ¢(N):= N/g(N).

Then, by Corollary 6.2, g: N — Z is positive, h.l.p. and so ¢: N — Z is periodic.
For all u, N € N, we have

wa(N) € BNIZ 4+ N2 > wal(N) €
< wua(N)e(N) e NZ.

Since N — a(N)c(N): N — Z is h.1.p., it follows from Lemma 6.3 that a': N — Z
is periodic.

By definition of o', for all N € N, we have g(N)|a(N)a'(N).

Let o”,b],...,b): N — Z be defined by

a’:=ad' /g, b :=bi/g,...,b} :=b/g.

Then a”,by,...,b): N — Z are periodic.
For all N € N, there exist z1,...,x; € Z such that

(%) a"(N)=b{(N)xy + -+ b} (N)z,

Since the coefficients of () are periodic in N, we may solve (x) for finitely
many values of N, then repeat these solutions periodically in N. So there exist
Q... 0 N — Z periodic such that, for all N € N,

a”(N) = by (N)bY(N) + -+ + b (N)B(N).
Multiplying this equation by g(V), we obtain the desired conclusion. |

LEMMA 6.6: Let a,by,...,b;: N — Z be h.lLp., and let ¢: N — Z be periodic.
Assume, for all N € N, that ¢(N) # 0. For all N € N, define

a'(N) := min{u € N|ua(N) € by(N)Z + --- + by(N)Z + ¢(N)Z}.

Then a’: N — Z is periodic and there exist periodic functions b},...,b;: N — Z
and an h.lLp. function ¢': N — Z such that, for all N € N,

a(N)a'(N) = by(N)DY(N) + -+ + by (N)by(N) + ¢(N)c'(N).
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Proof: By Proposition 5.9, there exist periodic functions a”,b7,...,b{: N — Z
such that, for all N € N, a(N) = a”(N)mod ¢(N) and

bi(N) =b{(N)mod ¢(N) e , bi(N) = b/ (N)mod ¢(N).
For all N € N,
a'(N) = min{u € N |ua"(N) € b{(N)Z + - -- + b{(N)Z + ¢(N)Z}.

Since a”’,bY,...,b),c: N — Z are periodic, it follows that a’: N — Z is as well.
For all N € N, there exist z;,...,r; € Z such that

a"(N)d' (N) € b{(N)zy + - -- + b (N)z: + ¢(N)Z.

Since a”,a’,bY,...,b},c: N — Z are periodic, we may choose periodic b, ..., b;:
N - Z such that, for all N € N, we have

a”’(N)a'(N) € b{(NW(N)+ -+ b/ (N)b(N) + c(N)Z.
Then, for all N € N, we have

a(N)a'(N) € bi(N)BL(N) + -+ + by(N)by(N) + ¢(N)Z.
Define ¢': N — Z by

oo aa’ —byby — - — byb}

4

Then ¢’ is the quotient of an h.l.p. function by a nonvanishing periodic function

and is therefore h.l.p. |

7. Generators for the integer points

Fix a positve integer n and a Q-subgroup H < SL,.

We assume that H is a subgroup of the upper triangular unipotent matrices.
(In §11, we will show that it is only necessary to assume that H is unipotent; the
element which conjugates such a group into the upper triangular unipotents may
be chosen to be a Z-point.) We assume that H is not the trivial (one-element)
group.

For each i,j € Ny, let p;;: SL, — A! be the map which associates to each
matrix in SL, its (4, j)-entry, which lies in affine 1-space.
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Define m := n(n — 1)/2 and let 7y, ..., 7, denote, respectively, the maps
pl?‘H’ p23]Ha ey pn—Z,n—llHa pn—l,anv
p13|Ha p24|Ha ey pn—?,nIHv

pl,n—llH s p2n|H

pin|H.
Let Fy := H. If m;|F) is not identically zero, then we set s := 0. Otherwise, we
define sg := max{s € Z’1"17r1|F1 = =m,|F = 0}. Note that sy < m, since
Fy = H # {e}.

Define r, := sg + 1 and

F, :={h € Fy |7, (h) =0}, s1:=max {s € Z}! |1rr1|F2 =...=m,|F, =0}.
If s; < m, then we define r3 :=s; + 1 and

F3:= {h € F>|7,,(h) =0}, sy :=max {s € Zyy | 7y, |Fs = --- = m,|F3 = 0}.

Continue until, at some [ € N, we have s; = m. Define Fj.1 = {e}.
For all i € Ny, define S; := Z;!.

LEMMA 7.1: For all i € Ny, the map p; := =, |F;(Z) is a homomorphism from
F;(Z) onto an infinite cyclic group. The kernel of p; is F;11(Z).

Proof: Fix ¢ € N;. One verifies from matrix multiplication that p; is, in fact a
homomorphism. It is clear that p;(F;(Z)) C Z and that ker(p;) = Fi+1(Z). We
must show that p;(F;(Z)) # {0}.

Let V denote the (algebraic) Lie algebra of F;; it is a subalgebra of the Lie
algebra of SL,. Let I denote a deep enough congruence subgroup of V(Z) that
exp(I') C Fi(Z). Since T is Zariski dense in V, it follows that Fj(Z) is Zariski
dense in exp(V) = F;.

Then p;(Fi(Z)) must be Zariski dense in p;(F;). It follows from the definition
of p; and F; that p;(F;) is not the trivial group. Consequently, p;(F;(Z)) # {0},
as desired. |

For each i € Ny, let A; be a preimage in F;(Z) of a positive generator for
pi(Fi(Z)); see Lemma 7.1. For each ¢, note that pi(4;) = --- = pi_1(4:) = 0,
while p,'(Ai) > 0.
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LEMMA 7.2: For all h € H(Z), there exists a unique (ny,...,n;) € Z' such that
h= AT ... AT

Proof: By definition of A,, there exists n; € Z such that A;™*h € F5(Z). By
definition of A, there exists ny € Z such that A;™2(A;™h) € F3(Z). Con-
tinuing, we find n,...,nm; € Z such that A;™ .- A7™h € Fi41(Z) = {e}. So
h = A7" .- A", proving existence.

Now suppose A7 --- A]" = AT* ..+ A'; we wish to show that m; = n,, for all
1 € Ny.

By Lemma 7.1,

mi1p1(Ar) = p1(AT" - A7) = (AT - - A7) = map (4y),
so my = n;. Then A7? .- A" = Aj? ... A, and we continue using po. [ |

The same proof shows

COROLLARY 7.3: For all i € Ny, for all h € F;(Z), there exists a unique
(niy...,m) € Z'=**1 guch that h = Al AT 1

8. Generators for the Nth congruence subgroup

Let H, ! and m be as in §7. For all k € N,,,, let 7, be as in §7. For each i € N;
let F;, r;, 85, Si, A; and p; be as in §7.

Definition 8.1: For all i € Ny, for all k € Z77, for all N € N, let Fi(k, N) denote
the set of all h € F;(Z) such that

Wr,(h),ﬂri+1(h), .. .,Wk(h) € NZ.

Definition 8.2: For all i € Ny, let F; denote the set of all maps B: N — F;(Z)
such that =, o B is h.l.p. and positive and such that =, ,, 0 B,..., 7, o B are all

0-v.p.p.
For all v € N, for all M;,..., M, € SL,(Z), define

((Mla---’Mv» = {M}”1~-~M:,"”!w1,...,wv EZ},

in general this is a set, not a subgroup.



Vol. 88, 1994 BETTI NUMBERS OF CONGRUENCE GROUPS 55

LEMMA 8.3: Fixi € N; and let k := r;. Then there exists B € F; such that, for
all N €N,
({B(N),Aiy1,--+, A1) = Fi(k, N).

Proof: Let b: N — Z be defined by
b(N) := min{u € N |up;,(A;) € NZ}.
By Lemma 6.4, b is h.Lp. Now define B: N — H(Z) by B(N) := A*™. 1

LEMMA 8.4: Let i € N, and let k € S;. Then there exists B € F; such that, for
all N €N,
(BN Aisn,- 1 A)) = F(k, V).

Proof: The proof is by induction on k. By Lemma 8.3, we may assume that
r, <k<s;.
By the induction hypothesis, there exists C € F; such that, for all N € N, we
have
({C(N), Ait1,..., A))) = F;(k—1,N).

The map 7 o C: N — Z is 0-v.p.p. By Propositions 5.9 and 5.10, choose an
h.l.p. a: N — Z such that, for all N € N,

7 (C(N)) = a(N)mod N.

Define b: N — Z by b(N) := min{u € N|ua(n) € NZ}. By Lemma 6.3, b is
periodic. Define B € F; by B(N) := C(N)bN), [

LEMMA 8.5: Let i,j € N; and assume that ¢ < j. Let k € S;. Then there exist
B; € Fi,...,Bj € Fj; such that, for all N € N, we have

(Bi(N),...,B;(N), Ajs1, ..., A)) = F(k, N).

Proof: The proof is by induction on k —r;. By Lemma 8.4, we may assume that
1< ].
CASE 1: k=r;.

By induction, choose Cit1 € Fit1,...,C; € F; such that, for all N € N, we

have
{{Ciz1(N),...,C;(N), Aj41,..., A1) = Fiq1(k, N).



56 P. SARNAK ET AL. Isr. J. Math.

Since k = r;, it follows that k—1 € S;_;. By induction, choose D; € F;,..., D;_;
€ Fj;-1 such that, for all N € N, we have

((Di(N),...,D;_1(N), A;,..., A))) = Fy(k — 1, N).

Let t := j—1. The maps myoD;,...,my0D;_; are O-v.p.p. By Propositions 5.9
and 5.10, choose h.l.p. functions a, by,...,b;_1: N — Z such that, for all N € N,

a(N)
bi(N)

Tk(Di(N)) mod N,
Tk(Di41(IN)) mod N,

be-1(N) = 7e(Dj_1(N)) mod N.
Define by, c: N — Z by by(N) := N and ¢(N) := my(A;). For all N € N, let
a'(N) := min{u € N|ua(N) € by(N)Z + - -- + b;(N)Z + ¢(N)Z}.
Then, for all u, N € N,
(*) ua(N)€b(N)Z+:---+b(N)Z+c(N)Z = u € a(N)Z.

By Lemma 6.6, we find that a’: N — Z is periodic and we may choose periodic
functions b},...,b}: N — Z and an h.lL.p. function ¢/: N — Z such that, for all
N € N, we have

a(N)a'(N) = bi(N)BY(N) + - - 4 b(N)by(N) + ¢(N)c'(N).
For all N € N, define

Bi(N) := Dy(N)* M D, (N)%M). ..Dj_l(N)bi_l(N)A;'(N),
Bi+1(N) = Ci+1(N) y ey BJ(N) = Cj(N);

then B;(N),...,Bj(N) € F;(k,N). Fix N € N and E € F;(k,N). To finish
CASE 1, we must show that

Ee <(B.L(N), ceey Bj(N),Aj+1, - ,Ak».
Since E € Fi(k,N) C F;(k — 1, N), there exist n;,...,n; € Z such that

E=Di(NY™ - D;_y(N)-1 A - A7
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For all N € N, let Rdy: Z — Z/NZ denote reduction modulo N; then
(Rdy om)|{h € H|m1(h),...,m_1(h) € NZ}

is a homomorphism. Furthermore, 7(E) € NZ and b,(N) = N,VN € N; it
follows from (x) that n; € a’(N)Z. Choose m € Z such that n; = a’(N)m. By
Lemma 7.1, p; is a homomorphism, which implies that p;(B;(N)~™F) =0, or

Bl(N)_mE € Fi+1(k,N) = ((BH—I(N)y .. .,B]'(N),Aj+1, .. .,A[)).

It follows that E € ((B;(N),..., Bj(N), Aj+1,..., A1), as desired to finish CASE
1.
CASE 2: r; <k <s5.

By induction, choose C;11 € Fiy1,...,C; € F; such that, for all N € N, we
have

{Cipr(N),.., C(N), Ajpr, .o, AD) = Figa (k, ).

Since r; < k < sj, it follows that k — 1 € S§;. By induction, choose D; €
Fi,...,D; € Fj such that, for all N € N, we have

(Dy(N),...,D;(N), Aji1,..., A))) = Fi(k — 1, N).

Let t := 7 — ¢+ 1. By Propositions 5.9 and 5.10, choose h.l.p. functions
a,by,...,bi_1: N — Z such that, for all N € N, we have

a{N) = m(Di(N)) mod N,
b1(N) = me(Di1(N)) mod N,

bt_l(N) = Wk(D](N)) mod N.

Let b;: N — Z be defined by b;(N) := N.
For all N € N, let

a'(N) := min{u € N|ua(N) € by(N)Z + --- + b(N)Z}.

By Lemma 6.5, we find that a’: N — Z is periodic and we may choose periodic
functions b}, ...,b;: N — Z such that, for all N € N, we have

a(N)a'(N) = by (N)b(N) + -+ + b (N)D(N).
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For all N € N, define

Bi(N) := Dy(N)* M D, | (N)r M) ... Dy(N)be-a (V)
Bi+1(N) = C,'+1(N) y eee gy BJ(N) = C](N),
then B;(N),...,B;(N) € Fi(k,N).
The conclusion of CASE 2 is very similar to the conclusion of CASE 1; we omit
it. ]

Recall from Lemma 7.1 that p; := =, |F;(Z).

COROLLARY 8.6: There exist By € F,,...,B; € F; such that: for all i € Ny, for
all N € N, we have

Fi(m,N) = ((Bi(N), ..., By(N))).

Proof: By thei =1, j =1, k = m case of Lemma 8.5, choose By € F1,...,B; €
Fi such that, for all N € N, we have

Fl(m7 N)= ((BI(N)7 .. aBl(N)»

Fix 1 € N;, N € N and E € F;(m, N); we wish to show that

Since E € Fi(m, N), choose ny,...,n; € Z such that E = B;(N)" ... B;(N)™.
If : = 1, then we are done. So assume ¢ > 1. Then p;(E) = 0 and so n, = 0.
So if ¢ = 2, then we are done. So assume i > 2. Then p3(E) =0, so ny = 0. If
i = 3, then we are done.
Continuing this way, the proof will eventually be complete, for any value of i.
|

For each N € N, let Rdy: H(Z) — H(Z/NZ) denote reduction mod N and
let H(N) := ker(Rdy).

For any subset S of a group, we denote the subgroup generated by S as (S).

For all v € N, for all My,...,M, € SL,(Z), let (My,...,M,) denote the
subgroup of SL,(Z) generated by M,..., M,.

COROLLARY 8.7: There exists a collection of h.lL.p. functions

a;:N~+Z (4, € Ny, i < j)
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such that, for all N € N, we have

H(N) = (A% 45 5 e NY),

and such that, for all i € Ny, at is positive.
Proof: Choose B; € F1,...,B; € F; as in Corollary 8.6.
Fix i € N;. Define b: N — Z by
b(N) := pi(Bi(N))/pi(A:);

bt is h.L.p. Since B; € F; and since p;(A;) > 0, it follows that bi is positive. For
each j =1+1,...,1, define bj.: N — Z inductively by the recursive formula

; —bi_ (N —b
bi(N) := pj (Aj—’l .4 b’(N)Bi(N))/Pj(Aj);

b} is 0-v.p.p.
Then, for all i € N; and N € N,

Fix i € N;. Define a! := b. Using Propositions 5.9 and 5.10, choose h.1.p. func-
tions al,y,...,ai: N — Z such that, for all N € N, we have

Vi€ Ziy, o ai(N)=bi(N)mod N(n!).

It is an exercise to use the expansions of the exponential and logarithm maps
on unipotent matrices to show: If M is an upper triangular, unipotent n x n
matrix, if s,¢ € Z, if N € N and if s = tmod N(n!)?, then M* = M*mod N.

Applying this, we find: for all ¢ € Ny, for all j € Z! for all N € N, we have

2

A5

= A?;(N) mod N.
Let C;(N) := A% .. A% Then, for all i € Ny, for all N € N,
Ci(N) = ABM) . 40i) = 48 g5 _ B (NYmod N,

so C;(N) € F;(m, N).
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CrLaM: For alli € Ny, for all N € N,

The proof of the CLAIM is by (downward) induction on i = I,...,1. When
{
i = I, the result follows from Corollary 8.6, because Ci(N) = A}" N - Bi(N).
Now fix i € N;_;, N € N and E € F;(m, N); we wish to show that

E € (Ciy(N),...,Ci(N)),
under the induction assumption
Fip1(m, N) = (Ciy1(N), ..., Ci(N)).
By Corollary 8.6, we may choose n;,...,n; € Z such that
E = B;(N)™---By(N)™.

Since ai(N) = bi(N), it follows from Lemma 7.1 that

(i) = oo (45 47™) T E) <o,

so C;(N)™™E € Fi11(m,N) = (Ci41(N), ..., Ci(N)), which proves the CLAIM.
But then the special case ¢ = 1 of the CLAIM reads: For all N € N,

(CL(N),...,CUN)) = Fy(m, N) = H(N).

By definition of Cy,..., Cy, this is exactly what we wish to prove. 1

9. Rational planes and polynomial periodicity

Let H and [l be as in §7. For the remainder of this section, fix a positive integer
d.

Let T° denote the trivial group.

Fix ¢ € N. Let T° denote the c-torus, thought of as a multiplicative, compact,
Abelian group. Let tor T° denote the subgroup of all elements in T of finite
order. A subset 7 C T is a rational plane if there exists an element ¢ € tor T¢
such that {7 is a closed, connected subgroup of T¢.
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LEMMA 9.1: Let c € N and let b: N — Z be 0-v.p.p. Let # C T° be a rational
plane and let w € tor'T°. For all N € N, let f(N) be the cardinality of the set

{x € 7| x*™ = w}.

Then f: N — Z is 0-v.p.p.

Proof: Choose ¢ € tor T¢ such that S := (7 is a closed, connected subgroup
of T°. Let e := dimS. Let u denote the order of {. By Proposition 1.9,
there exists a periodic function b: N — Z such that, for all N € N, we have
b(N) =¥ (N) mod u.

Fix N € N. Then

X+ Cxim— 5
is 1-to-1, while
x+—x*™:5 -8
is b(N)e-to-1, while
x — ¢t WMy § — (V)

is 1-to-1. We conclude that the composite map

X > )y )

is b(N)e-to-1.
For all N € N, we have 70(V) = (=¥ S; define

_Jo, fweg¢tMg
a(N) = {1, if w € (T,

For all N € N, we have (=) = ¢=¥'(¥)_ Since ¥’ is periodic, the function
a: N — Z is periodic. Now, for all N € N, we have f(N) = a(N)b(N)%; it
follows that f: N — Z is 0-v.p.p., as asserted. |

Definition 9.2: Forallc € N, x = (x1,---sXe) € T, a = (01,...,0.) € Z°, we
define

(x, @) = x§" - xee € T".
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Definition 9.3: Let x = (x1,.-.,Xd) € T¢. Let i,j € Ng and assume i < j. We
define xij := (xi,---,Xj) € TI=%*+1 We will abbreviate yi; as x;, for simplicity.

Let R denote the set of all rational planes in T¢.
For all ¢, k € N satisfying ¢ < k, let S(c, k) denote the set of all (31,...,08) €
(Z°)* such that Z° = J1Z + - - + B Z.

Definition 9.4: Let b: N — Z be 0-v.p.p. Let ¢ € Ny, k € N satisfy ¢ < k.
Let 7 € R, 8= (B1,---,0%) € Slc,k). Let s = (s1,...,8%) € tor TF, w =
(Weyt, - -+, wq) € tor T47°. For all N € N, let £(N) denote the set of all x €
such that

Vi€ Ny, (e b(V)B) =s;  and Vi€ 2y, ;" =

We define Firgsw: N — Z by letting Fyrgew(N) be the cardinality of £(N).
Similarly, for all N € N, we let £'(/NV) denote the set of all x € 7 such that

vj e z¢, X)) = w;.
We define F{_, : N — Z by letting Fy,, (N) be the cardinality of £'(N).

We define T? to be the trivial group {1}. When ¢ = d and w = 1, we define
Fyrpsw as in Defintion 9.4, but with the convention that £(/V) denotes the set of
all xy € 7 such that

Vi € Ny, (x14: b(N)Bi) = 3.
Definition 9.5: Let b: N — Z be 0-v.p.p. Let ¢ € Ny, k € N;. If ¢ < k, then we
define Fy(c, k) to be the Z-span of the set of functions

{Fynpsw| ™ € R, B € 8(c, k), s € tor T*, w € tor T °}.

If ¢ > k, then we define Fy(c, k) to be the set consisting of O alone, where
0: N — Z is the function which is identically zero. Finally, we define F to be
the Z-span of

{Fl..|T€R, we torT*°}.

LEMMA 9.6: Let b: N — Z be 0-v.p.p. Let c € 23, k € Z} satisfy ¢ < k. Then
.7:1,((.', k) - fb(c -1,k - 1) U fb(c,k - 1).

Proof: Fixce Zg, ke Z'2, B8=(b,...,0c) € S(e,k), s =(s1,...,5k) € tor T*,
w € torT9C. Let g := Fyrpsw; we wish to show that g € Fp(c— 1,k - 1)U
fb(c,k— 1).
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If B = 0 and s; # 1, then g: N — Z is identically zero and we are done.

Let 3 := (Brs+ vy Br—1) and 3 := (s1,...,8k—1). If Bx = 0 and s = 1, then we
have g = Forpsw € Fi(e,k — 1) and, again, we are done.

We may therefore assume that 8, # 0. We will prove in this case that g €
.7'-1,(6 - 1, k— 1).

Let € := (0,0,...,0,0,1) € Z°. Choose an automorphism 7: Z°¢ — Z°¢ such that
Br € n(€)Z. Let I: Z*~° — Z%° denote the identity map. Let 6 := nxI: 2% —
yAS

Then 7 induces an automorphism 7 := n*: (Z°)* — (Z°)*, and 6 induces
an adjoint automorphism : T¢ — T¢ defined by (A(x ,0(a)) = (x,a), for all
x € T? and all a € Z°.

Replacing 7 by (6)~(x) and 8 by (7)~1(8), we may assume that 8, € €Z.
Choose ny,...,nx € Z and 71,...,ve—1 € Z°~! such that

ﬂl = (’YIanl)’ . 'a/Bk—-l = (’Yk—lynk——l)a /Bk = (O,le).
Let ¢ := ¢ — 1. Then, for all N € N, g(N) is the number of x € 7 satisfying
Vi € Nk—la <X153b(N)’Y'L>Xg(N)n‘ = 8, XZ(N)nk = 8k, VJ S Zg+17 Xg(N) = wj.

Let V := {v € torT'|v™ = s}. Forallv € V, for all N € N, let h,(N)
denote the number of x € 7 satisfying

Vi€ Nik_1, (18, b(N)y) = siv™™, AN) = o, Vjezd,, X?(N) = wj.

Then, for all v € V, h, € Fp(c — 1,k — 1) and it follows from inclusion-
exclusion that g is a Z-linear combination of elements of {h, |v € V}. Thus g €
Fo(c— 1,k — 1), as desired. n

We omit the proof of the next lemma since its proof is similar to, but easier
than that of Lemma 9.6.

LEMMA 9.7: Let b: N — Z be 0-v.p.p. Let k € Ny. Then F,(1,k) C F}.

COROLLARY 9.8: Let b: N — Z be 0-v.p.p. Let c € Ny, k € N;. Then Fyp(c, k) C
Fi

Proof: The proof is by induction on k. If ¢ > k, then Fy(c, k) consists of the
zero function alone, and we are done. If ¢ = 1, then we are done by Lemma 9.7.



64 P. SARNAK ET AL. Isr. J. Math.

We therefore assume 2 < ¢ < k. The induction hypothesis and Lemma 9.6 now
complete the proof. |

LEMMA 9.9: Let b: N — Z be 0-v.p.p. Let # € R, (a1,...,q1) € 8(d,!),
(r1,...,71) € torT'. For all N € N, let f(N) denote the cardinality of

{x € 7| Vi e Ny, (x,b(N)a;) =r;}.

Then f: N — Z is 0-v.p.p.

Proof: Let a:=(ay,...,a), 7:=(r1,...,7)andv:=1¢€ TO. Then
f = Fb‘lrarv € ]:b(d’l)»

so, by Corollary 9.8, f € F;.

From the definition of #; and from Lemma 9.1, it follows that F} is the Z-span
of a set of 0-v.p.p. functions. Consequently, every element of F; is 0-v.p.p.; in
particular, f is. 1

COROLLARY 9.10: Let 7 € R. Let b: N — Z be 0-v.p.p. and let (ay,...,0;) €
S(d,1). Let T denote the collection of all finite subsets of torT'. Let T: N — T
be a periodic function. For alli € Ny, for all N € N, let y;(x, N) := {x, b(N)a;).
For all N € N, let f(N) denote the cardinality of the set

{X € 7"|(¢1(X,N), .. -,d)l(Xa N)) € T(N)}

Then f: N — Z is 0-v.p.p.

Proof: If T: N — T is constant, then the result follows from Lemma 9.9 and
the fact that a sum of 0-v.p.p functions is again 0-v.p.p.

Choose m € N such that, for all ¢ € N,,,, T is constant on (mZ + i) N N.
Then, for all 7 € N,,, the constant case demonstrates that f agrees with a 0-
v.p.p. function on (mZ + ¢) N N.

It follows that f is 0-v.p.p. |
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10. A technical result

Let H be as in §7. For each ¢ € Ny, let A; be as in §7.
For all N € N, let H(N) denote the kernel of the map H(Z) — H(Z/NZ)
defined by reduction mod N.

THEOREM 10.1: Let T' denote the Abelianization of H(Z). Let I' denote the
dual group to T and let I denote its connected component of the identity; T
is a (compact, connected) torus group. Fix an element xo € I'. Fix a rational
plane # C I'°. For all N € N, let ['(N) denote the image in T of H(N). For
all N € N, let f(N) denote the cardinality of {x em [ XoXx)[T(N) = 1}. Then
fiN—1Zisp.p.

Proof: We will denote the group operation on I" as addition. Let rtor and rtf
denote the torsion and torsion-free parts of I', respectively.

Letpr: ' — I'tf denote the natural projection and define x; := x¢ o pr. Then
(X0X1_1)|th =1 and x; € ['°. Replacing xo by xoxi! and 7 by x,7, we may
assume that X(,|I‘tf =1

Let d := rank(I’tf). Choose an isomorphism between Tt and Z<; this gives
rise to an isomorphism between I'® and the multiplicative group T

Let a;i: N—>Z (ij€ Ny, i<j)beasin Corollary 8.7. Let ay, ..., e denote
the images of Aj,...,A; in I'. Let ator . ..,afor denote the torsion parts of
ay,...,0q. Let atf ceey lf denote the torsion-free parts of ay,..., ;. Note that
(a%f, .. ,a,tf) € §(d, 1), after the identification of rtf with z<.

For all i € Ny, for all N € N, let

Bi(N) = ai{(N)ai + - - + aj(N)ay

Then, for all N € N, I'(N) = S1(N)Z + - -- + 3i(N)Z, so f(N) is the cardinality
of

S(N) = {x € 7| {xox; B1(N)) = - - = {xox, B(N)) = 1}.
For all i € Ny, for all N € N, let

bi(N) := ged(ai(N),...,ai(N)).

For all N € N, let b(N) := ged(b1(N),...,b(N)). Then b: N — Z is positive
and h.Lp., by Corollary 6.2. For all i € Nl, for all j € ZL, let g} := a’/b; then
¢i: N — Z is periodic.
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For all i € Ny, define ;: I' x N — T! by 9;(x, N) = (x,b(N)a;). Recall
that (alf,... atf) € S(d,1). As in Corollary 9.10, for all i € Ny, define !: I x
N — T by ¢t(x, N) = (x,b(N)atl). For alli € Ny, for all N € N, let
BT (x, N) = {x, (N )aloT).

Fix i € N;. For all x € I'°, for all N € N, we have

Di(xx0, N) = ¥ (xx0, N0 (xx0, N) = 1 (x0, N)uli(x, V).

Let k; be the order of a:_cor. By Proposition 9.5, choose a periodic function
bi: N — Z such that b}(N) = b(N) mod k;. Then, for all N € N, %% (xo, N) =
(X0, by(N)aloT), so the function N +— T (xo, N): N — T is periodic.

Let 7 denote the set of all finite subsets of tor T. For all N € N, for all
i€ Ny, forall ( =((y,...,G) € T, define

X(C, ) = () g,
For all N € N, let
To(N) == {¢ € T' | M(¢N) = -+ = M((, N) =1},
T(N) := (¥ (x0, N) 71, . .. 9% (x0, N) ™) To(N).
The functions Ty, T: N — T are periodic.
For all N € N, we have
S(N)={xen| Vie Ny, dilxox, N)EM - gy(xox, N)EM =1}
={xer| (1/11(X0X’ N),...,¥i(xox, N)) € To(N)}
= {x € 7| @He0 V), .., vl ) € T(V)}

But, for all N € N, f(N) is the cardinality of S(N); the result follows from
Corollary 9.10. |

11. Reduction to the upper triangular case

LEMMA 11.1: Let n € N. Let vq,...,v, be an ordered Q-basis for Q". Then
there is an ordered Z-base w1, ..., w, for Z" such that the full flag is unchanged,

i.e., such that

Qui = Qu;, Qui+ Quz = Qu + Quws, ...,
Qui+ -+ Qun = Quy + -+ - + Qup.
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Proof: We construct the w;s inductively. Let wy be a generator of the infinite
cyclic group Z" N (Quy).

Now assume that wy,...,w, € Z" have been chosen so that
Zvi+ -+ 2Zvyp, =Z" N (Qur + - - + Quin)

and so that

Qui =Quwi, Qui+ Quz = Qu; + Qus, ...,
Qui + -+ + Qum = Quy + -+ + Quyn.

The image C of Z" N (Qu1 + - -+ Qusm41) in the one-dimensional quotient vector
space

(Qui+-+ Quup1)/(Qui + -+ + Qup)

is nonzero and discrete, hence infinite cyclic. Let ¢ be a generator of C and let
Wm41 be a preimage in Z" N (Quy + - - - + Quyaa) of c. 1

COROLLARY 11.2: Let n be a positive integer. Let H be a unipotent algebraic
subgroup of SL,,. Then there exists an element w € SL,(Z) such that w™'Hw
is contained in the upper triangular unipotent matrices in SL,,.

Proof: Let V denote the (algebraic) vector space A™*! of nx 1 column matrices.
Let V{ denote the Q-subspace of V' consisting of those vectors fixed by every
element of H under matrix multiplication. By [Hum, Corollary 17.5, p. 113],
Vi1 # {0}. Since it is a linear subspace defined over Q, we may choose a Q-
point v; € V3\{0}. Let V) denote the linear space spanned by v;. Then H
acts by special linear transformations on V/V;. Furthermore, the image of H in
SL(V/V1) is again unipotent. By using induction on dim V, we obtain Q-vectors

v1,...,V, with linear spans V7,...,V, such that every element of H fixes the full
flag
0 ¢ Vv € VeV, C€ .. C V.-V, =V
Let v denote the matrix with columns v,, ..., v;. It follows that v—' Hv consists

of upper triangular unipotent matrices.
Then Lemma 11.1 (with Q" replaced by the isomorphic vector space Q"*!)
yields column vectors wy, . .., w, € Z"*!. Replacing w; by —w; if necessary, we

may assume that the n x n matrix w with columns w,,...,w; satisfies detw =
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1. Then w—'Hw = v~ 1Hv, so w—'Hw is contained in the upper triangular

unipotent matrices in SL,,. |
The following technical result has been the main goal of §§5-11.

THEOREM 11.3: Let n be a positive integer and let H be a unipotent Q-subgroup
of SL,,. Let T’ denote the Abelianization of H(Z). Let I* denote the dual group
hom(T", T!) of T, where T* C C denotes the complex numbers of modulus one.
Fix an element xq € I'. Let I'° denote the connected component of the identity
in . Let # C I'° be a translate of a closed connected subgroup of I® by: an
element in I'° of finite order. For all integers N > 0, let Rdn: H(Z) — H(Z/NZ)
be the map defined by reduction mod N and let H(N) denote the kernel of Rdn;
H(N) is the Nth congruence subgroup of H. For each N > 0, let ['(N)
denote the image of H(N) in the Abelianization I' of H(Z). For each N > 0, let
f(N) denote the number of elements x € m such that (xox)|['(V) is identically
1. Then the function f: N — Z is polynomial periodic. That is, there exist

(1) a positive integer m; and

(2) a finite set of polynomial functions fy,...,fm: R =R
such that: if ¢ and r are integers satisfying g > 0 and 1 < r < m, then f(gm+r) =

f(9)-

Proof: This follows immediately from Theorem 10.1 combined with Corollary
11.2. |
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Appendix: On Representations of Compact p—adic Groups

Let G be a Chevally group, G(R) the corresponding group over the ring of integers
R of a p-adic field of characteristic zero. In this note we give an a priori proof of
the finiteness of representations of G(R) in a given dimension; here, as throughout
the rest of this note, all representations are assumed to be continuous.

We begin by noting that it suffices to prove this theorem for some normal open
subgroup I" <1 G(R)—since if p is any irreducible representation of G(R), then p

injects into the induced representation:
p— Indg(R) Resg(R) P

and because G(R)/T is a finite group, there are only finitely many possibilities
for p given its restriction to I'.

From now on, for simplicity of exposition, I take G = SL(N), R = Z,, the
p-adic integers, and p # 2, 3. Let

I, =T(p%) = {y € SL(N, Z,)| v = I mod p’sl (N, Z,)}

be the principal congruence subgroup of level p¢; here sl (N, Z,) is the Lie algebra
of SL(N,Z,). We takeI" =T'.

If p is a continuous finite dimensional representation of I, the level £, of p is
the least integer £ > 1 such that p is trivial on I';. In this case, p factors through
the finite group 'y = T'/T,.

The finiteness result will follow from the following estimate:
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PROPOSITION A.1: Let p be an irreducible representation of T of dimension n
and level {. Then

(A.1) £ < J(n)Y %8P = f(n)

where J(n) is the index of a normal, Abelian subgroup of p(I') = p(G,); J(n)
depends only on n, not on p.

Indeed, assuming (A.1), any p of dimension n will factor through one of a finite
number of finite groups, so the number of such representations is finite.

To prove (A.1), we need a couple of lemmas. First, recall that since G, is a
p-group, it is in particular solvable (evenvnilpotent).

LEMMA A.1: G, has solvable length given by

(A.2) length (G,) = [log,(£ — 1)] + 1, £>2,

ie., if 28~ < £ < 2% then length (G,) = k.

Proof: This follows from computing the commutator subgroups of I':
(P, Tx) = Lok -

The inclusion (T'x,T'x) C I'yx is obvious, and equality follows by applying the
Campbell-Baker-Hausdorff formula. It is here that one has to use the exponential

exp:sl(N,pZ,) - T.

Recall that the exponential series:

oo i
N
n=0

is p-adically convergent only for |z|, < 1. |

LEMMA A.2: If ¢ is the level of p, and n its dimension, we have
(A.3) length (Ge) < 1+log, J.
Proof: First note that since p is trivial on I'y, but not on I';—;, we have

length p(I") = length G, .
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However, if A < p(T') is a normal abelian subgroup of index < .J, then:

lengthp(T') < length A + length p(I")/A
1 + length p(T")/A
< 1l+log,J. ]

Putting together (A.2) and (A.3), we find:
log, p < log, J

which proves (A.1), except that we have to show that J can be taken independent
of p. This is precisely the content of Jordan’s theorem [CR], which asserts that
any finite subgroup of GL(n, C) contains the normal Abelian subgroup of index

at most
(A4) J(n) = (VBn+ 1™ — (VBa— 1)
This proves (A.1). |

Remark: The estimate (A.4) is very far from the truth; Howe’s Theory [H]
provides us with a normal Abelian subgroup of index (exactly!) n?.
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